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COLORINGS AND DOUBLED COLORINGS OF VIRTUAL DOODLES
ANDREW BARTHOLOMEW, ROGER FENN, NAOKO KAMADA, AND SEIICHI KAMADA
Abstract. A virtual doodle is an equivalence class of virtual diagrams under an equiv-
alence relation generated by flat version of classical Reidemesiter moves and virtual Rei-
demsiter moves such that Reidemeister moves of type 3 are forbidden. In this paper we
discuss colorings of virtual diagrams using an algebra, called a doodle switch, and define
an invariant of virtual doodles. Besides usual colorings of diagrams, we also introduce
doubled colorings.
1. Introduction
A virtual diagram is a generically immersed closed 1-manifold in R2 such that some of
the crossings are decorated by small circles. Crossings are called virtual crossings when
they are decorated by small circles; otherwise, they are called real crossings. The local
moves, R1, R2, R3, depicted in Figure 1 are flat version of classical Reidemeister moves
and the moves, V R1, . . . , V R4, are flat version of virtual Reidemeister moves. We assume
that virtual diagrams are oriented. (Orientations are omitted in Figure 1.) A virtual
doodle is an equivalence class of virtual diagrams under an equivalence relation generated
by R1, R2, V R1, V R2, V R3 and V R4.
✲✛ ✲✛ ✲✛
R1 R2 R3
✲✛
✲✛
✲✛ ✲✛
V R1 V R2 V R3 V R4
Figure 1. Moves
The doodle was originally introduced by the second author and P. Taylor in [6] as a
homotopy class of a collection of embedded circles in S2 with no triple or higher intersection
points. M. Khovanov [10] extended the idea to allow each component to be an immersed
circle in S2. It was further extended to doodles on surfaces in [1]. The notion of a virtual
doodle was introduced in [1] and it was shown that there is a natural bijection between
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the set of doodles on surfaces and the set of virtual doodles. For details and related topics
on doodles, refer to [1, 2, 3, 6, 7, 10, 11].
We introduce an algebra, a doodle switch, which is a set with a binary operation whose
axioms correspond to R1 and R2 moves.
For a virtual diagram D, the fundamental doodle switch FDS(D) is defined. It is an
invariant ofD as a virtual doodle. Let T be a doodle switch. Colorings of a virtual diagram
D by using T correspond to homomorphisms from FDS(D) to T . Thus the cardinality of
colorings by T is an invariant of a virtual doodle.
For a virtual diagram D, we introduce a doodle switch called the doubled fundamental
doodle switch, denoted by DFDS(D). It is also an invariant of D as a virtual doodle. We
introduce a doubled coloring of a virtual diagram D by a doodle switch T . It corresponds
to a homomorphism from DFDS(D) to T .
In Section 4, we introduced the notion of a double covering of a virtual diagram, which
is inspired by a double covering of a virtual or twisted link diagram in [8, 9]. We show that
if two virtual diagrams are equivalent as virtual doodles then double coverings of them
are also equivalent as virtual doodles. It turns out that the doubled fundamental doodle
switch of a virtual diagram D is isomorphic to the fundamental doodle switch of a double
covering D˜.
The paper is organized as follows: in Section 2 we define a doodle switch. The fun-
damental doodle switch and a coloring of a virtual diagram are introduced. In Section 3
we define the doubled fundamental doodle switch and a doubled coloring of a virtual dia-
gram. In Section 4 we introduce a double covering D˜ of a virtual diagram D, and prove
that if D and D′ are equivalent as virtual doodles then so are D˜ and D˜′. It is proved
that the doubled fundamental doodle switch of a virtual diagram D is isomorphic to the
fundamental doodle switch of a double covering D˜.
2. Doodle switches
Definition 2.1. A doodle switch is a set X with a binary operation (x, y) 7→ x · y such
that, for all a, b ∈ X, the following conditions are satisfied:
(1) a · b = b · a if and only if a = b;
(2) there is a unique element u with a = u · b; let S : X2 → X2 be a map defined by
S(a, b) = (b · a, a · b). Then S is bijective.
We call the conditions (1)–(2) Axioms of a doodle switch. A doodle switch (X, ·) is
denoted by X when it causes no confusion. It is often more convenient and preferred to
denote x · y by xy. (The symbol xy is used in [4, 5] for racks.) Let X be a doodle switch.
Let τ : X2 → X2, (x, y) 7→ (y, x), for x, y ∈ X, be the transposition. By definition of S,
we have S ◦ τ = τ ◦ S.
Proposition 2.2. Let X be a doodle switch.
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(1) There exists a unique binary operation • : X2 → X, (x, y) 7→ x • y such that
S−1(x, y) = (y • x, x • y) for all x, y ∈ X, i.e., S(a, b) = (c, d) if and only if
(a, b) = (d • c, c • d).
(2) There exists a unique binary operation ·−1 : X2 → X, (x, y) 7→ x ·−1 y such that
(x · y) ·−1 y = (x ·−1 y) · y = x for all x, y ∈ X.
(3) There exists a unique binary operation •−1 : X2 → X, (x, y) 7→ x •−1 y such that
(x • y) •−1 y = (x •−1 y) • y = x for all x, y ∈ X.
Proof. (1) Define binary operations •1 and •2 by S
−1(x, y) = (y •1 x, x •2 y). Note that
S−1 ◦ τ = τ ◦S−1, which implies •1 = •2. Let • = •1 = •2. If ∗ is a binary operation with
S−1(x, y) = (y ∗ x, x ∗ y) then y ∗ x = y • x. Thus ∗ = •.
(2) For x, y ∈ X, by Axiom (2), there is a unique element u with u · y = x. Let
x ·−1 y := u. Then (x ·−1 y) · y = u · y = x. Put v := (x · y) ·−1 y. Then v · y = x · y.
By Axiom (2), we have v = x. If ∗ is a binary operation with (x ∗ y) · y = x, then
(x ∗ y) · y = x = (x ·−1 y) · y. By Axiom (2), we have x ∗ y = x ·−1 y. Thus ∗ = ·−1.
(3) Define a binary operation •−1 by x •−1 y = x · (y ·−1 x) for all x, y ∈ X.
First we show that (x • y) •−1 y = x. For x, y ∈ X, let z, w ∈ X with S(z, w) = (x, y),
i.e., x = w · z, y = z · w, z = y • x and w = x • y. Then (x • y) •−1 y = w •−1 y =
w · (y ·−1 w) = w · z = x.
We show that (x •−1 y) • y = x. For x, y ∈ X, let u, v ∈ X with u = y ·−1 x and
v = x ·u = x · (y ·−1 x) = x •−1 y. Then S(u, x) = (v, y). We have (x •−1 y) • y = v • y = x.
If ∗ is a binary operation with (x ∗ y) • y = x, then ((x ∗ y) • y) •−1 y = x •−1 y and we
have x ∗ y = x •−1 y. Thus ∗ = •−1. 
Let t : X → X be a unary operation with t(x) = x · x for x ∈ X. By Axioms (1) and
(2), we see that t is a bijection and S(a, a) = (t(a), t(a)) and S−1(b, b) = (t−1(b), t−1(b))
for a, b ∈ X. Moreover, t−1(x) = x • x for all x ∈ X.
In what follows, when we discuss a doodle switch we assume that the operations ·−1, •,
•−1 and t are automatically equipped with.
For a virtual diagramD, removing an open regular neighbourhood of every real crossing,
we obtain a collection of oriented immersed arcs and loops in R2, whose crossings are
virtual crossings of D. Such an arc or loop is called a semiarc of D.
The fundamental doodle switch ofD, denoted by FDS(D), is the doodle switch generated
by letters corresponding to the semiarcs of D and the defining relations are coming from
each real crossing as follows: Let a, b, c, d be the letters corresponding to the 4 semiarcs
around a real crossing as in Figure 2 (Left). The defining relations associated to the
crossing are c = b · a and d = a · b. (At a virtual crossing, two semiarcs intersect as in
Figure 2 (Right).)
Note that the defining relations associated to the crossing depicted in Figure 2 (Left)
imply relations a = d • c and b = c • d, and relations a = d ·−1 b, b = c ·−1 a, c = b •−1 d
and d = a •−1 c. See Figure 3.
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c d
a b
c = b · a
d = a · b
b a
a b
Figure 2. The defining relations associated to a crossing
c d
a b
c = b · a d = a · b
a = d • c b = c • d
c = b •−1 d
a = d ·−1 b
d = a •−1 c
b = c ·−1 a
Figure 3. Relations around a crossing
Theorem 2.3. Let D and D′ be virtual diagrams. If D and D′ are equivalent as virtual
doodles, then FDS(D) and FDS(D′) are isomorphic as virtual doodles.
Proof. If D and D′ are related by an R1 move as in Figure 4 (Left), then S(y, y) = (x, z).
This implies that x = z and y = t−1(x). Replacing z with x and removing y from the
generating set of FDS(D′), we obtain FDS(D). Thus FDS(D) ∼= FDS(D′). If D and D′
are related by an R1 move as in Figure 4 (Right), then S
−1(y, y) = (x, z). By a similar
argument, we have FDS(D) ∼= FDS(D′).
x x
y
z
D D′
x x
y
z
D D′
Figure 4.
If D and D′ are related by an R2 move as in Figure 5 (Left), then S(y,w) = (x, z) =
(w ·y, y ·w) and S(w, v) = (z, u) = (v ·w,w ·v). This implies that u = x, v = y, w = x ·−1 y
and z = y · (x ·−1 y). Replacing u with x and v with y and removing w and z from the
generating set of FDS(D′), we obtain FDS(D). Thus FDS(D) ∼= FDS(D′).
If D and D′ are related by an R2 move as in Figure 5 (Middle), then S(x, v) = (z, w) =
(v · x, x · v) and S(y, u) = (w, z) = τ(z, w). This implies that u = x, v = y, w = x · y and
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z = y · x. Replacing u with x and v with y and removing w and z from the generating set
of FDS(D′), we obtain FDS(D). Thus FDS(D) ∼= FDS(D′).
If D and D′ are related by an R2 move as in Figure 5 (Right), then S(z, w) = (x, v)
and S(w, z) = (y, u). This implies that u = x, v = y, w = x • y and z = y •x. Replacing u
with x and v with y and removing w and z from the generating set of FDS(D′), we obtain
FDS(D). Thus FDS(D) ∼= FDS(D′).
x y x y
z w
u v
D D′
x
y
x v
z w
u y
D D′
x
y u y
z w
x v
D D′
Figure 5.

A coloring of D by a doodle switch T is a map from the set of semiarcs of D to
T such that the relations associated to real crossings are satisfied. It corresponds to a
homomorphism from the fundamental doodle switch FDS(D) to T . The coloring number
of D by T , denoted by col(D,T ), is the cardinality of the set of colorings of D by T .
Corollary 2.4. Let T be a doodle switch. Let D be a virtual diagram. Then col(D,T ) is
an invariant of D as a virtual doodle.
Example 2.5. Let T = (T, ·) be a doodle switch with 4 elements x1, . . . , x4 such that the
multiplication matrix A of the operation · is given by
A =


1 2 4 3
3 4 2 1
2 1 3 4
4 3 1 2


.
Here the multiplication matrix A of a binary operation · on {xi | 1 ≤ i ≤ n} means an
n× n-square matrix A = (Aij) with Aij = k if xi · xj = xk for i, j (1 ≤ i, j ≤ n).
Let T ′ and T ′′ be doodle switches with 3 elements presented by the following matrices
A′ and A′′ respectively:
A′ =


1 2 1
3 3 3
2 1 2

 and A′′ =


3 2 3
1 1 1
2 3 2

 .
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Let U be the unknot. Let d3,1 be the virtual diagram depicted in Figure 6, which
corresponds to an immersed circle in a surface with Gauss word abcb−1a−1c−1 introduced
by Carter [3]. Let d4,1, . . . , d4,6 be virtual diagrams depicted in Figure 7.
Figure 6. Carter’s curve d3,1
d4,1 d4,2 d4,3
d4,4 d4,5 d4,6
Figure 7. Examples of virtual diagrams
The coloring numbers of these virtual diagrams by T , T ′ and T ′′ are listed in Table 1.
Table 1. Coloring numbers using T , T ′ and T ′′
U d3,1 d4,1 d4,2 d4,3 d4,4 d4,5 d4,6
col(−, T ) 4 2 2 2 4 2 2 4
col(−, T ′) 3 1 2 2 1 1 1 2
col(−, T ′′) 3 1 1 1 1 1 1 2
For example, colorings of d4,1 by T , T
′ and T ′′ are listed in Table 2, where x1, . . . , x8
are semiarcs of d4,1 as in Figure 8.
Remark 2.6. When a doodle switch T satisfies an additional condition that
(a · b) · (c · b) = (a · c) · (b · c)
for any a, b, c ∈ T , one can prove that if D and D′ are related by an R3 move then
FDS(D) ∼= FDS(D′) and col(D,T ) = col(D′, T ). (We omit the proof here.)
COLORINGS AND DOUBLED COLORINGS OF VIRTUAL DOODLES 7
Table 2. Colorings of d4,1 by T , T
′ and T ′′
x1 x2 x3 x4 x5 x6 x7 x8
T 1 1 1 1 1 1 1 1
T 3 3 3 3 3 3 3 3
T ′ 1 1 1 1 1 1 1 1
T ′ 3 2 3 2 3 1 3 2
T ′′ 3 3 3 1 2 1 2 1
Figure 8. Colorings of d4,1
For example, the doodle switch T in Example 2.5 satisfies this condition, and T ′ and T ′′
do not. The diagrams d4,1 and d4,4 are related by an R3 move, and they are distinguished
by using the coloring number by T ′.
3. Doubled colorings
In this section we introduce a doubled coloring of a virtual diagram D. We can consider
some notions of ‘doubled coloring’. The notion we introduce here is one of them, which is
inspired by a double covering of a virtual/twisted link in [8, 9].
Definition 3.1. The doubled fundamental doodle switch DFDS(D) of a virtual diagram
D is the doodle switch generated by two letters x and x corresponding to every semi-
arc of D (Figure 9) with defining relations associated to real crossings as follows. Let
a, a, b, b, c, c, d, d be letters corresponding to the four simiarcs around a real crossing as in
Figure 10 (Left). The defining relations associated to the real crossing are
a = d · c, b = c · d, c = b · a, and d = a · b.
For the sake of convenience, we call x (or x) the upper generator (or lower generator)
associated to a semiarc.
For a virtual diagram D and a doodle switch T , a doubled coloring of D by T is a
map from the set of letters, i.e., upper and lower generators, to T such that the relations
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x
x
Figure 9. Two elements assigned to a semiarc
c d
c d
a b
a b
d = a · b
c = b · a
b = c · d
a = d · c
b a
b a
a b
a b
Figure 10. The defining relations associated to a crossing
associated to the real crossings are satisfied. It corresponds to a homomorphism from the
doubled fundamental doodle switch of D to T .
The doubled coloring number of D by T is the cardinality of the set of doubled colorings
of D by T , which is denoted by dcol(D,T ).
Theorem 3.2. Let D and D′ be virtual diagrams. If D and D′ are equivalent as virtual
doodles, then DFDS(D) and DFDS(D′) are isomorphic as doodle switches. Consequently,
the doubled coloring number by a doodle switch is an invariant of virtual doodles.
We prove this theorem in the next section.
Example 3.3. Let T be the doodle switch in Example 2.5. The coloring numbers and
doubled coloring numbers of U , d3,1, d4,1, . . . , d4,6 by T are listed in Table 3.
Table 3. Coloring and doubled coloring numbers by T
U d3,1 d4,1 d4,2 d4,3 d4,4 d4,5 d4,6
col(−, T ) 4 2 2 2 4 2 4 4
dcol(−, T ) 16 16 16 16 256 256 256 256
Remark 3.4. Since T in Example 2.5 satisfies the condition in Remark 2.6, d4,1 and d4,4
are not distinguished by the coloring number by T . However, d4,1 and d4,4 are distinguished
by the doubled coloring number by T .
4. Double coverings for virtual diagrams
In this section, we introduce the notion of a double covering D˜ of a virtual diagram D,
which is inspired by a double covering of a virtual or twisted link diagram in [8, 9]. We
show that if D and D′ are equivalent as virtual doodles then so are their double coverings
(Theorem 4.1). Thus the double covering is well-defined for a virtual doodle. It turns
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out that the doubled fundamental doodle switch of D is isomorphic to the fundamental
doodle switch of a double covering D˜ (Theorem 4.2).
Let D be a virtual diagram. Put two points on two semiarcs around each real crossing
of D as in Figure 11. We call the points cut points. The set of cut points of D is denoted
by PD and is called the cut system of D. (We do not introduce cut points to virtual
crossings.)
Figure 11. Cut points for a crossing
Let D be a virtual diagram D and PD = {p1, . . . , pk} the cut system. By an isotopy of
R
2, we deform D such that D is in the half plane x > 0 and that the y-coordinates of the
cut points are all distinct. Let D∗ be the virtual diagram obtained by reflecting D with
respect to the y-axis, and let PD∗ = {p
∗
1, . . . , p
∗
k} be the image of PD on D
∗. See Figure 12.
(D∗, PD∗) (D,PD)
Figure 12. A virtual diagram D with cut system PD and the reflection images
For each i = 1, . . . , k, let li be the horizontal line passing through pi and p
∗
i . If necessary,
by an isotopy of R2, we may assume that D∪D∗ intersects with li transversely. Let D˜ be
a virtual diagram obtained by replacing D∪D∗ as in Figure 13 in a regular neighbourhood
N(li) of li for every i = 1, . . . , k. We call the diagram D˜ a double covering of D.
y
li
y
li
pipi*
Figure 13. Replacement near cut points
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For example, for the diagram D with PD depicted in Figure 12, a double covering D˜ is
as in Figure 14.
Figure 14. A double covering of a virtual diagram
Theorem 4.1. Let D and D′ be virtual diagrams. If D and D′ are equivalent as virtual
doodles, then so are D˜ and D˜′.
Proof. We assume that D is in the half plane x > 0 and the y-coordinates of the cut points
are all distinct.
If D′ is obtained from D by an isotopy of R2, then D˜ and D˜′ are related by detour
moves. (An sub-path of a virtual diagram which passes only through virtual crossings
is called a virtual path. A detour move is a replacement of a virtual path with another
virtual path, [1]. A detour move is a consequence of V R1, . . . , V R4 moves.) Thus, D˜ and
D˜′ are equivalent as virtual doodles.
Let D and D′ be virtual diagrams such that D′ is obtained from D by a local move
depicted in Figure 1. Let U be a disc in R2 where the the local move is applied to D, U∗
the reflection image of U , and let N be the smallest convex disc containing U and U∗.
First we consider an R1 move depicted in the most left and the second left of Figure 15.
Figure 15 shows the restrictions (D∗ ∪D) ∩N , (D′∗ ∪D′) ∩N , D˜ ∩N and D˜′ ∩N . The
diagram D∗ ∪D and D′∗ ∪D′ are the identical outside of N , and so are D˜ and D˜′. It is
easily seen that the restriction D˜′ ∩ N is transformed into (D′∗ ∪ D′) ∩ N by V R1, . . . ,
V R4 moves, since they are related by detour moves. Then (D
′∗ ∪D′) ∩N is transformed
into D˜∩N by two R1 moves. Thus D˜ and D˜′ are equivalent as virtual doodles. The other
cases for an R1 move is similar, and we omit the proof.
D∗ ∪D D′∗ ∪D′ D˜ D˜′
Figure 15. Double coverings of two diagrams related by an R1 move
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We consider an R2 move depicted in the most left and the second left (on the first row
or the second) of Figure 16. Figure 16 shows the restrictions (D∗∪D)∩N , (D′∗∪D′)∩N ,
D˜ ∩ N and D˜′ ∩ N . Remove the four real crossings from the restriction D˜′ ∩ N by R2
moves. Then the result is transformed into D˜ ∩ N by V R1, . . . , V R4 moves, since they
are related by detour moves. Thus D˜ and D˜′ are equivalent as virtual doodles. The other
cases for an R2 move is similar, and we omit the proof.
D∗ ∪D D′∗ ∪D′ D˜ D˜′
D∗ ∪D D′∗ ∪D′ D˜ D˜′
Figure 16. Double coverings of two diagrams related by an R2 move
When the local move is a V R1, V R2 or V R3 move, then the restriction D˜′ ∩ N is
transformed into D˜ ∩ N by V R1, . . . , V R4 moves. Thus D˜ and D˜′ are equivalent as
virtual doodles.
We consider an V R4 move depicted in the most left and the second left of Figure 17.
Figure 17 shows the restrictions (D∗ ∪D) ∩N , (D′∗ ∪D′) ∩N , D˜ ∩N and D˜′ ∩N . The
restriction D˜′ ∩ N is transformed into D˜ ∩ N by V R1, . . . , V R4 moves, since they are
related by detour moves. Thus D˜ and D˜′ are equivalent as virtual doodles. 
D∗ ∪D D′∗ ∪D′ D˜ D˜′
Figure 17. Double coverings of two diagrams related by a V R4 move
Theorem 4.2. Let D be a virtual diagram and let D˜ be the double covering. Then
DFDS(D) and FDS(D˜) are isomorphic as doodle switches.
Proof. Without of loss of generality, we may assume that all real crossings of D (and D˜)
are oriented downward. For each semiarc of D, there are two semiarcs of D˜ covering the
semiarc. When we label the semiarcs of D˜ as in Figure 18, the generators and relations
for the fundamental doodle switch of D˜ are the same with the generators and relations for
the doubled fundamental doodle switch of D. 
Theorem 3.2 follows from Theorems 2.3, 4.1 and 4.2.
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c a a c
d b b d
d = a · b
c = b · a
b = c · d
a = d · c
Figure 18. Generators and relations arising from the double covering
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